We present a detailed study of the energetics of water clusters (H 2 O) n with n ≤ 6, comparing diffusion Monte Carlo (DMC) and approximate density functional theory (DFT) with well converged coupled-cluster benchmarks. We use the many-body decomposition of the total energy to classify the errors of DMC and DFT into 1-body, 2-body and beyond-2-body components. Using both equilibrium cluster configurations and thermal ensembles of configurations, we find DMC to be uniformly much more accurate than DFT, partly because some of the approximate functionals give poor 1-body distortion energies. Even when these are corrected, DFT remains considerably less accurate than DMC. When both 1-and 2-body errors of DFT are corrected, some functionals compete in accuracy with DMC; however, other functionals remain worse, showing that they suffer from significant beyond-2-body errors. Combining the evidence presented here with the recently demonstrated high accuracy of DMC for ice structures, we suggest how DMC can now be used to provide benchmarks for larger clusters and for bulk liquid water.
models fitted to molecular quantum chemistry calculations [50] . In this expansion, the total energy of a system of N molecules is expressed as
where E (1) in place of MP2. This allows us to use different basis sets for E(MP2) and E(∆CCSD(T)), exploiting the fact that the size of basis set needed to converge E(∆CCSD(T)) is less than that needed to converge E(CCSD(T))
itself. This approach is sometimes referred to as the "focal point" scheme [31, 81, 82] . All our molecular quantum-chemistry calculations are performed with the molpro code [83, 84] .
For all the benchmark calculations, we use the Dunning augmented correlation-consistent basis sets aug-ccpVXZ [85, 86] , with X the cardinality, referred to here simply as AVXZ. The basis-set convergence of Hartree-Fock (HF) energies is rapid and unproblematic, and that of correlation energies can be greatly accelerated by the use of F12 (explicitly correlated) methods [87, 88, 89] . The F12 method is available for both MP2 and CCSD (T) in the molpro code [90, 91] , and we use it in all the present calculations. In addition, the efficiency of HF and MP2 calculations, and of F12 contributions to MP2 and CCSD(T), is greatly enhanced by using density fitting (DF) [90, 92, 93, 94] , the errors incurred being typically a few µE h , and so completely negligible for present purposes.
Since the many-body decomposition (Eq. (1)) plays a key role in our analysis, we need the many-body components of the benchmark CCSD(T) energy for every configuration studied. For the 1-body energy E (1) , rather than using CCSD(T) itself, we prefer to use the more accurate Partridge-Schwenke (PS) energy function [68] .
This is an elaborate parameterised function fitted to a very large number of extremely accurate quantum chemistry calculations spanning a wide range of monomer geometries. The function, denoted here by E (1) (PS), has been shown to have spectroscopic accuracy, and it can therefore be regarded as essentially exact for present purposes. When we refer to CCSD(T) benchmarks, what we actually mean is E (1) (PS) + E (2) (CCSD(T)) + . . ..
The many-body decomposition is an additional aid to basis-set convergence, with smaller basis sets sufficing for high-order interaction terms. As a further important point of technique, we systematically use the counterpoise method [95, 96] to reduce basis-set superposition error in all our calculations; so for example to calculate a 2-body energy contribution δE(i, j) = E(i, j) − E(i) − E(j) the full dimer basis sets is used for each of the three contributions. For completeness, we note that we do not include core correlation or relativistic corrections.
These corrections were studied for the H 2 O dimer by Tschumper et al. [31] and found to be typically a few µE h .
To conclude our summary of techniques, we note briefly how we have performed the DFT calculations. We use the same Dunning correlation-consistent AVXZ basis sets that we used for the benchmark calculations, and we find that the differences between successive cardinalities decrease in essentially the same way for all the functionals as in the HF calculations, so that convergence of the total energy to our tolerance of 0.1 mE h /monomer is easy to achieve. In computing the many-body components of the energy, we use exactly the same counterpoise methods outlined above for the benchmark calculations.
DMC and DFT compared with benchmarks
We will start by studying a thermal sample of configurations of the H 2 O monomer drawn from a classical molecular dynamics (m.d.) simulation of the bulk liquid based on the flexible amoeba model [97, 98] . The comparisons will allow us to assess the accuracy of DMC and DFT approximations for the 1-body energy E (1) . For the dimer, we will gain insight into the 2-body energy by comparing DMC and DFT energies with benchmarks for two sets of configurations: first, the 10 stationary points which have been extensively studied in earlier work [31, 34, 44, 46, 99] ; and second, a thermal sample of 198 configurations drawn from the bulk liquid.
We then move on to comparisons for thermal samples of the trimer, tetramer, pentamer and hexamer, which allow us to see how well the different methods account for the beyond-2-body energy E (>2) . At the end of the Section, we will present results for the many-body decomposition of the energy of a number of stationary points of the hexamer, for which QMC results have been reported in earlier work [61] .
Since all our thermal samples of cluster configurations were drawn from the same amoeba m.d. simulation, we summarise the relevant details here. Monomer flexibility is one of the important features of the amoeba model [97, 98] , whose parameters are adjusted to fit selected ab initio and experimental data. The model also accounts for many-body interactions through distributed polarisabilities of the monomers. It is known to give a rather good description of the radial distribution functions and the self-diffusion coefficient of liquid water over quite a range of conditions, including ambient. The m.d. simulation run from which we drew the configurations was performed on a system of 216 water molecules in periodic boundary conditions at the ambient density of 1.0 gm/cm 3 and room temperature (300 K). This way of making thermal samples is motivated by our long-term aim of obtaining accurate descriptions of the energetics of condensed phases of water in thermal equilibrium.
To this end, it is natural to demand that the methods we use should be accurate for cluster geometries typical of those found in the condensed phases of interest. Naturally, we have to bear in mind always that the mean and rms errors we find on comparing a chosen technique with benchmark energies for a thermal sample are not absolute quantities, but will depend on the way the sample was constructed.
The monomer
All our calculations on the monomer were performed on a set of 100 configurations drawn at random from the amoeba m. • . It is convenient to take this as the "standard" geometry of the isolated monomer, so that when we refer to the energy of the monomer in any geometry computed with a given method we will always mean the energy of that geometry minus the energy in the PS equilibrium geometry computed with the same method. This means that the monomer energy with PS itself is by definition non-negative, but with a DFT approximation or with DMC it can be negative, since the minimum-energy configurations with these methods will generally differ from the PS equilibrium geometry.
Our DMC calculations on the 100 monomer configurations were performed as described in Sec. 2. In our production results, the Jastrow factor was not re-optimised for each geometry. We used a smaller set of 25 configurations to test the effect of re-optimising it, and we could not detect any significant changes of energy due to re-optimisation. For every geometry, the DMC calculations were continued long enough to reduce the rms statistical errors to 30 µE h . We show in Fig. 1 E(DMC) − E(PS) plotted against E(PS). The distortion energy itself covers a range up to ∼ 5 mE h (140 meV), and we see that DMC errors are only a tiny fraction of this. In fact, for the given thermal sample, the mean DMC error and its rms fluctuation about the mean are 10 and 40 µE h (Table 1) .
We have made comparisons against PS also for DFT, using the PBE, BLYP, B3LYP and PBE0 exchangecorrelation functionals and the AV5Z basis. Our convergence tests using AVQZ indicate mean (rms) errors due to basis-set incompleteness of around 4 (10) µE h for all functionals, suggesting that any residual basis-set errors beyond AV5Z will be much smaller than 10 µE h (0.27 meV).
The differences E(DFT)−E(PS) are also displayed in Fig. 1 , and the mean and rms fluctuations are recorded in Table 1 . We see from this that PBE and BLYP give very poor results, and their negative deviations from the PS benchmarks imply that the energy needed to distort the monomer is considerably underestimated by both approximations, as already noted in a recent paper by Santra et al. [64] . The B3LYP functional is much better, but PBE0 is the clear winner out of the functionals examined, with mean and rms errors of only −10
and 80 µE h . The good performance of PBE0 for the monomer was also reported by Santra et al. [64] . However, DMC is markedly superior, and it appears that residual DMC errors in the 1-body energy can safely be neglected in cluster and bulk systems, at least so long as the variation of the bond lengths and bond angle are not too much larger than those treated here.
The dimer

The stationary points
The geometries of the 10 dimer stationary points are depicted in many previous papers (see e.g. Ref. [31] ), and there is a standard numbering, which we follow here. We have worked with two closely related sets of configurations for the stationary points. The configurations of Tschumper et al. [31] were used for the tests we performed to check that our techniques can deliver dimer energies with CCSD(T) within 100 µE h of the CBS limit. However, because of the way the project developed, the DMC and DFT calculations were performed on a slightly different configuration set due to the Bowman group [46] , and we used exactly the same techniques tested on the Tschumper set to produce our CCSD(T) benchmarks for the Bowman set.
Our benchmarks for the total dimer energy are represented as
with full counterpoise for all energies. Our basis-set tests show that with AVQZ the HF and MP2-F12 correlation energies have residual basis-set errors of less than ∼ 15 and ∼ 10 µE h respectively, while with AVTZ the basis-set errors in E (2) (∆CCSD(T) − F12) are less than ∼ 30 µE h . For the present calculations on the stationary points, we have gone beyond this so that the remaining basis-set errors should be much less than those just quoted, and our comparisons with the energies reported by Tschumper et al. confirm this.
Our DMC calculations on the total energies of the stationary points are computed as described in Sec. 2.
The runs were continued long enough to reduce the DMC statistical error to 77 µE h . Since we focus here on the energies of the stationary points relative to that of the global minimum, we have extended the run on the global minimum so that its rms statistical error is only 44 µE h . The relative DMC energies are compared with the CCSD(T) benchmarks in Table 2 , and we see that they agree in all but two cases within better than 100 µE h (2.7 meV), and in those two cases the DMC errors are still less than 170 µE h .
We already know from earlier work [34] that DFT predictions of the energies of the stationary points suffer from much larger errors than the DMC errors just mentioned, but we considered it worthwhile to calculate our own values using PBE, BLYP, B3LYP and PBE0. (We note that the present DFT energies are all calculated at exactly the same geometries, rather than at the stationary-point geometries that would be given by the DFTs themselves, and this should be borne in mind when comparing with earlier DFT results.) Our tests of basis-set convergence for DFT show that with AV5Z the relative energies of the stationary points are converged to better than 20 µE h . We report values of these relative energies for the Bowman geometries in Table 2 . We see that the DFT approximations overestimate all the energy differences between the stationary points and the global minimum, with many of the DFT errors being greater than 0.5 mE h and a few being as much as 1.0 mE h , in general agreement with earlier work [34] . The hybrid functionals B3LYP and PBE0 perform slightly better than non-hybrid PBE and BLYP, but there is not a great deal to choose between them. The individual monomers have almost exactly the same geometries at the 10 stationary points, so that DFT errors in the monomer distortion energies play almost no role here, and any disagreements with the benchmarks are due almost entirely to the 2-body energies.
We conclude from these comparisons that DMC gives better (in most cases, much better) agreement with the benchmarks than any of the DFT approximations we have studied, with DMC errors being typically five times smaller than than those of DFT.
A thermal sample of dimer configurations
The thermal sample was produced by drawing 198 configurations at random from the amoeba simulation, with O-O distances included out to 7.5Å but with a bias towards shorter distances. To construct the CCSD(T) benchmark energies for this set, we followed the procedure outlined above for the stationary points. The benchmark energy is computed as
Because the configuration sample is reasonably large, we are able to analyse the statistics of basis-set differences for the three components. It turns out that the differences depend rather uniformly on R OO , providing a simple scheme for partially correcting residual basis-set errors in the MP2-F12 and ∆CCSD(T)-F12 correlation contributions. Tests indicate that our benchmark dimer energies are within ∼ 20 µE h of the CBS limit of
CCSD(T).
The DMC calculations were performed in the same way as for the stationary points, with the single-electron orbitals and Jastrow factor constructed as described in Sec. 2 and the time-step chosen as before to have the value 0.005 a.u. For every configuration, the DMC run was continued long enough to reduce the statistical error on the total energy to 60 µE h . To characterise the performance of DMC, we show in Fig. 2 the energy difference DMC-bench plotted as a function of R OO . The differences are typically on the order of 100 µE h , and there is no obvious dependence of their magnitude on R OO . Quantitatively, the mean value of E(DMC) − E(bench) over the 198-configuration sample is 20 µE h and the rms fluctuation is 0.10 mE h . Since the statistical errors of the Monte Carlo sampling in our DMC calculations are ∼ 60 µE h , this means that there are statistically significant deviations of the DMC energies from the CCSD(T) benchmarks, but they appear to be no more than ∼ 0.1 mE h (2.7 meV).
Our DFT calculations on the thermal sample were done both as direct calculations of the total energy using AV5Z basis set, and also by separating the total energy into 1-and 2-body parts, using the AV5Z basis for E (1) and AVQZ with counterpoise for E (2) . A comparison of the direct total energies calculated using AVQZ and AV5Z basis sets shows mean and rms differences of the energies that are less than 25 µE h for all the functionals.
The total energies obtained in the direct calculations differ from those obtained by adding the 1-and 2-body energies by at most 50 µE h . The differences E(DFT) − E(bench) for the dimer total energies are plotted against Fig. 2 . It is immediately clear that the DFT errors are considerably greater than those of DMC, with BLYP and PBE being much inferior to B3LYP and PBE0. The mean values of the DFT-bench differences and their rms fluctuations about these means are reported in Table 3 .
An important theme of the present work is the separation of the energy into its many-body parts. We have already seen that some of the DFT approximations suffer from large 1-body errors, so it is natural to ask how they perform when these errors are corrected. If we separate the total energy E(DFT) computed with a given DFT into its 1-body and 2-body parts, and we then replace the 1-body energy by its Partridge-Schwenke value
, we obtain an approximation denoted here by DFT-∆ 1 . Clearly, for dimers the errors of DFT-∆ 1 are entirely 2-body errors. In Fig. 3 , we compare the total-energy differences E(DFT-∆ 1 ) − E(bench) as a function of R OO with the differences E(DMC) − E(bench). The mean and rms values of these differences are reported in Table 3 . We see that BLYP is very poor indeed, being much too repulsive over the whole range 2.5 − 4.5Å, and B3LYP suffers from the same problem, though its errors are smaller. The PBE0 approximation is much better, though it still too repulsive. Best of all these DFTs is PBE. The DMC errors are even small than those of PBE.
These findings are generally in line with what is known from previous DFT and DMC work on the binding energy of the dimer. It is well known that BLYP seriously underbinds, that B3LYP underbinds somewhat less, and that PBE0 and PBE give good binding energies, with PBE being almost exactly correct. It is also known that DMC gives a rather accurate value of the dimer binding energy [60] . The present results enlarge the picture by showing that these errors in the binding energy at the global minimum can be seen as part of general trends over a range of O-O distances.
The trimer
The trimer is important, because it is the smallest cluster for which we can probe beyond-2-body interactions.
We created a thermal sample of trimer configurations using the same amoeba simulation of liquid water as before, drawing 50 trimer geometries at random, with the condition that all three O-O distances must be less than 4.5Å.
Our method for obtaining basis-set converged CCSD(T) energies is a straightforward extension of what we outline above for the dimer. The total trimer energy is decomposed as
where the terms E (1) + E (2) are treated exactly as in Eq. on the dimer samples showed that the AVQZ − AVTZ difference for CCSD(T)-F12 was very similar to that of MP2-F12, and we assume the same to be true for E (3) . From the evidence we have obtained, the energy expression in Eq. 5 should be well within 50 µE h of CCSD(T)/CBS.
Our DMC calculations on the 50-configuration trimer sample follow exactly the methods outlined in Sec. 2.
The duration of the DMC runs was long enough to reduce the statistical error on the total energy to 77 µE h .
We show in Fig. 4 the errors E(DMC) − E(bench) of the DMC total energy of the trimers plotted against the benchmark total energy. We see that the errors and their fluctuations are very small, their mean value and rms fluctuation over the 50-configuration set being 0.30 mE h (8.1 meV) and 0.13 mE h (3.5 meV). (Note that these values refer to the total energy, not the energy per monomer.)
DFT calculations of the total trimer energy are straightforward, and our tests indicate that the total energy relative to that of three monomers in the PS reference geometry is converged to within 0.15 mE h with AVQZ basis sets. It is useful to have the many-body decomposition, and we use
again with full counterpoise correction. The two ways of calculating the total trimer energies agree to within mean and rms differences of 120 and 56 µE h respectively. As we show in Fig. 4 , the errors of the DFT total energy with PBE, BLYP, B3LYP and PBE0 are much greater than those of DMC: the mean and rms deviations (Table 4) are typically five times greater than the DMC values.
It is now interesting to analyse how much of the DFT errors come from 1-, 2-and 3-body parts of the energy.
Here we follow the approach of Taylor et al. [100] , correcting the low-order many-body contributions to DFT.
For example, the effect of 1-body errors can be eliminated by using the energy expression
The mean and rms deviations E(DFT- Table 4 . As expected from the results of Sec. 3.1, the rms fluctuations of E(DFT-∆ 1 ) − E(bench) are very much reduced for PBE and BLYP, because their 1-body energies are poor; the mean value of the deviation is improved for PBE but worsened for BLYP, again as expected. On the other hand for B3LYP and particularly for PBE0, correction of the 1-body errors makes little difference.
We
, which is the same as Table 4 . Not surprisingly, these values are very small, so that 3-body effects are quite well represented by all the DFT approximations.
It is clear that the trimer is really too small to yield very interesting conclusions about the accuracy of DFT compared with DMC for beyond-2-body interactions, because there is only a single 3-body term in the total energy. However, as we go to larger clusters, the number of beyond-2-body interactions increases rapidly, so that more interesting comparisons can be made. We therefore turn next to benchmark, DMC and DFT calculations on the tetramer, pentamer and hexamer.
3.4 Thermal samples of the tetramer, pentamer and hexamer Our benchmark energies were computed as
for the tetramer and pentamer, but for the hexamer we use E (2) (MP2-F12/AVQZ) in place of E (2) (MP2-F12/AV5Z).
Contributions up to 3-body were treated using the counterpoise correction as described above; higher-order terms were computed using full counterpoise for the entire cluster; for example, in computing 4-, 5-and 6-body terms for the hexamer, we used the full basis set of the entire cluster for every contribution.
The DMC calculations for the 25-configuration samples of the tetramer, pentamer and hexamer followed exactly the same procedures as before, and the runs were continued until the statistical errors on the total energy were reduced to 0.13, 0.14 and 0.17 mE h for the tetramer, pentamer and hexamer respectively. As an example of the very close agreement between DMC and the CCSD(T) benchmarks, we show in Fig. 5 the totalenergy difference DMC-benchmark for the pentamer configurations plotted against the total energy itself. The mean value and the rms fluctuations of this difference are reported for all the clusters in Table 4 .
reported DMC values of the absolute and relative energies of various ice structures [23] .
The DFT energies of the N ≥ 4 cluster configurations were all computed as sums of many-body contributions.
For the 1-, 2-and 3-body energies, we employed AV5Z, AVQZ and AVTZ basis sets respectively, with full counterpoise for all dimers and trimers for the 2-and 3-body energies. In the (n ≥ 4)-body parts, we found it more convenient to use full counterpoise for the entire cluster, as we did for the CCSD(T) benchmarks, and for this purpose we used AVDZ basis sets. To cross-check the total energies obtained in this way, we also computed them directly (i.e. without many-body decomposition), using AVQZ basis sets.
As an example of DFT performance, we show in Fig. 5 the differences DFT-benchmark for the pentamer sample plotted against the benchmark total energies. The mean values of these differences and their rms fluctuations are reported for all the larger clusters in Table 4 . It is evident that the accuracy of DMC is very much greater than any of the DFT approximations. As might be expected from our results for the smaller clusters, BLYP is very poor, having rms deviations from the benchmarks that are about 10 times the size of those with DMC, and its mean deviations are also large. For all the clusters, PBE is somewhat better and B3LYP still better, but best of all is PBE0, whose rms errors are a little over 2.5 times those of DMC.
In our discussion of DFT errors for the trimer (Sec. 3.3), we pointed out the possibility of correcting DFT first for 1-body errors and then for both 1-body and 2-body errors, these two levels of corrected DFT being denoted by DFT-∆ 1 and DFT-∆ 12 . Since we have all the n-body parts of both benchmark and DFT energies of the tetramer, pentamer and hexamer, we can make the same analysis for them. We report in Table 4 the mean and rms deviations of the DFT-∆ 1 and DFT-∆ 12 energies away from the benchmarks. As expected, correction of the 1-body energy substantially reduces the rms errors of PBE and BLYP, because these DFTs have quite large 1-body errors, but it makes rather little difference in the case of B3LYP and PBE0, because their 1-body errors are small. Interestingly, this correction considerably worsens the mean BLYP errors, because in the uncorrected version there is a partial cancellation of errors between the 1-and 2-body parts. Correcting for both 1-and 2-body errors, the approximations suffer only from (n ≥ 3)-body errors, which we also report in Table 4 . Clearly, these errors are extremely small. Indeed, the corrected DFTs B3LYP-∆ 12 and PBE0-∆ 12 are even slightly better than DMC.
The comparisons we have presented demonstrate the high accuracy of DMC, but they also indicate that the 1-body, 2-body and beyond-2-body parts of the total energy are individually well described by DMC. However, there is another aspect of DMC predictions that is worth examining. If we judged solely by our comparisons for the thermal samples, we would infer that all the main errors of DFT are in the 1-and 2-body parts, so that once these are corrected we get approximations that are as good as DMC. However, this inference is not true in general, as we will show next by a many-body analysis of the stable isomers of the hexamer.
Stable isomers of the hexamer
The global-and local-minimum structures of the H 2 O hexamer have long played a role in the understanding of water energetics, because their relative energies are determined by a rather delicate interplay between different kinds of interactions [35, 36, 61, 37, 49, 101, 102, 103] . The isomers we will be concerned with here are the prism, cage, book and ring, whose geometries have been presented in many previous papers (see e.g. Ref. [61] ). The atomic coordinates that we use here are the MP2/AVTZ-optimised structures of Santra et al. [61] . The more open structures, such as the ring, favour hydrogen bonding with OH· · · O angles that maximise the strengths of individual hydrogen bonds. In the more compact structures, including the prism and cage, the total number of hydrogen bonds is greater, but the OH· · · O angles are less favourable. The book structure is a compromise betweeen the two kinds. Coupled-cluster CCSD(T) calculations near the basis-set limit leave no doubt that the more compact structures are more stable, the consensus being that the prism is the global minimum, with the cage slightly above it [37] . The ring is less stable by ∼ 3.0 mE h in the total energy, and the book has an intermediate energy. DMC calculations give the correct energy ordering and energy differences that agree closely with the CCSD(T) values [61] , and we noted in the Introduction that this is one of the key pieces of evidence for the accuracy of DMC. Most of the conventional DFT approximations give the wrong energy ordering, with BLYP and B3LYP making the ring the global minimum, and PBE giving this honour to the book [36] . The reasons for this have been widely discussed, and a many-body analysis has already been used to identify the cause of the problems, the suggestion being that the lack of long-range dispersion is responsible [61] . A detailed break-down of the contributions to the relative energies of isomers of the hexamer has also been reported by Wang et al. [104] . We find it worthwhile to revisit this question, because DMC can now be compared with more accurate CCSD(T) results than were available before and because our own many-body analysis indicates that the lack of dispersion may not be the only cause of DFT errors.
We report in Table 5 our MP2 and CCSD(T) results for the prism, cage, book and ring isomers, computed in all cases with the MP2-optimized structures given by Santra et al. [61] , which are also the structures used in their DMC calculations. Our MP2 energies come from direct calculations on the entire hexamer, using AVQZ basis sets with F12. The CCSD(T) energies reported in the Table, do not, however, come from direct calculations on the cluster; instead, we compute
As shown in the Table, our MP2 energy differences between the isomers agree very closely with earlier highly converged results, and our CCSD(T) energy differences also agree very well with recent CCSD(T) results close to the CBS limit. In agreement with previous work, we find that on going from MP2 to CCSD(T) the energy difference between the prism and the cage increases significantly, and the energy of the ring above the prism increases by ∼ 1.0 mE h . The Table also gives the DMC energy differences of Santra et al., and we note that they agree very closely with the CCSD(T) results reported here. Importantly, DMC is closer to the CCSD(T) energies than to those from MP2. Our own PBE, BLYP, B3LYP and PBE0 energies computed with AV5Z basis to give an accurate description of cluster and bulk water and ice systems across a wide range of conditions must be accurate for all the key components of the energy, including the distortion energy of the H 2 O monomer, the 2-body interactions that determine the energetics of the water dimer, and the many-body contributions arising from polarisability and other mechanisms that are known to be crucial for larger clusters and for the bulk liquid and solid phases. Our comparisons with well converged CCSD(T) energies for both statistical samples of configurations and in some cases for sets of stable isomers show that DMC gives all the main components of the energy rather accurately, while the standard DFT approximations that we have studied encounter problems with one or more of these components. We have emphasised the importance of studying random thermal samples, since these allow us to characterise the accuracy of QMC and DFT approximations across an entire domain of configurations, rather than at a small number of special configurations. At the same time, we have noted that the mean and rms errors of any given approximation will depend on the choice of thermal sample.
The importance of achieving an accurate description of monomer energetics was emphasised in a recent paper of Santra et al. [64] , who showed that some commonly used DFT functionals gives a rather poor description of the distortion energy, making bond-stretching too easy. We have confirmed this on a thermal sample of 100 distorted monomer configurations drawn from a classical m.d. simulation of liquid water performed with the flexible amoeba interaction model. We found poor accuracy with PBE and BLYP, better accuracy with B3LYP
and excellent accuracy with PBE0, in agreement with Ref. [64] . The accuracy of DMC turns out to be even better than PBE0. It has been suggested that the excessive deformability of the H 2 O monomer with PBE and BLYP may be a significant factor in their rather poor predictions for bulk water. The very high accuracy of DMC for the monomer means that it does not suffer from such problems.
Our calculations on the 10 stationary points of the H 2 O dimer provide important evidence that the accuracy of DMC for the 2-body energy of water systems is also very good. All the energies come in the correct order, though we recall that this is also achieved by most DFT approximations. Much more significant is the very close agreement with highly converged CCSD(T) benchmarks for the energies relative to the global minimum, which are almost all reproduced by DMC to within 0.1 mE h (2.7 meV). By contrast, DFT errors for the relative energies are typically 0.5 -1.0 mE h , and no DFT approximation that we are aware of comes near the accuracy of DMC. We note that these comparisons give a direct test of the 2-body energy, since the monomer distortion energies at the 10 stationary points are extremely small.
More relevant to bulk-phase water are our comparisons between DMC, DFT and CCSD(T) benchmarks for a large random thermal sample of dimer configurations drawn from the amoeba m.d. simulation of bulk water. This sample is large enough for us to examine errors as a function of O-O distance, and we have seen that DMC reproduces the benchmarks accurately and consistently throughout the range 2.5 -7.0Å that we have examined. The DMC errors barely exceed the statistical errors of the Monte Carlo sample of the DMC calculations themselves, the mean and rms deviation of the DMC energy from the CCSD(T) benchmarks being 0.018 and 0.102 mE h (0.5 and 2.8 meV). These errors are of about the size that might be expected from previous DMC work on the H 2 O dimer. On the other hand, the errors of the total dimer energy with all the DFT approximations examined here are very much greater (see Table 3 ). However, in the case of PBE and BLYP, the errors in the monomer distortion energy contribute significantly. In practical calculations using these approximations on clusters or bulk systems, it would be perfectly straightforward to correct for these 1-body errors, simply by adding the difference between the essentially exact Partridge-Schwenke and the DFT distortion energies. If we do this for our dimer samples, then we obtain corrected DFT approximations which we refer to as DFT-∆ 1 , whose errors are solely in the 2-body part. We have seen that the 2-body energy of BLYP is much too repulsive and B3LYP suffers from the same problem, as would be expected from the substantial underbinding of the dimer with BLYP and B3LYP. However, for PBE, the 2-body energy turns out to be very good, its quality being comparable with that of DMC, so that if we simulated the dimer with PBE corrected for 1-body errors, rather accurate results would be obtained; the approximation PBE0-∆ 1 is also quite respectable.
For the larger clusters from the trimer to the hexamer, we have followed a similar procedure, drawing sets of configurations at random from the amoeba m.d. simulation and comparing DMC, DFT and benchmark CCSD(T) energies for these samples, taking care as usual that the total energies with DFT and CCSD(T)
are basis-set converged to ∼ 0.1 mE h or better. For these clusters, the thermal samples are smaller than for the dimer, consisting of 50 configurations for the trimer and 25 each for the tetramer, pentamer and hexamer.
Since the errors in either or both of the 1-body and 2-body components with the DFT approximations are considerably larger than those of DMC, we expect that DMC will substantially outperform them for these large clusters, and this is indeed what we find. However, this is not the whole story, because it is possible that some of the problems encountered by DFT approximations in treating bulk liquid water and ice may be associated with many-body (i.e. beyond-2-body) components of the energy, perhaps because their description of the relevant polarisabilities is inadequate. We have therefore tried to test whether DMC also outperforms DFT for these many-body contributions.
One way we have used to test the quality of the DMC beyond-2-body energy is based on making a many-body decomposition of the DFT total energy for our thermal samples of the trimer and higher clusters, and then to replace the DFT 1-and 2-body energies by the benchmark energies (i.e. Partridge-Schwenke for 1-body and near-CBS CCSD(T) for 2-body). Any remaining errors in the resulting corrected versions of DFT, which we refer to as DFT-∆ 12 , are then due entirely to errors in the beyond-2-body energy. If we then compare with DMC, we are putting DMC to an extreme and certainly unfair test, since it has to compete unaided against massively assisted DFT. Remarkably, DMC survives even this rather well, having errors in its total energy that are still smaller than or comparable with the errors in the beyond-2-body energy for the DFT approximations.
We have noted that the relative energies of the well-known isomers of the H 2 O hexamer also provide an excellent way of testing the beyond-2-body energy of DMC. The point here is that all the DFT approximations we examined give completely erroneous energy orderings of these isomers. It has been shown in earlier work [61] that DMC gives the energy differences between these isomers in excellent agreement with CCSD(T), and we confirmed this here by comparing with the improved CCSD(T) energies now available. As also pointed out earlier, a many-body decomposition of the DFT and CCSD(T) energies allows one to determine where the DFT errors come from. We have presented our own many-body analysis showing that for some of the DFTs (e.g. BLYP) the errors lie mainly in the 2-body part, whereas in others (e.g. PBE) the 2-body component is accurate, but there are substantial errors in the beyond-2-body components. Since we know that DMC gives an accurate account of the 2-body component, these comparisons confirm its accuracy also for the beyond-2-body components.
It is intriguing that the isomers of the hexamer reveal the superiority of DMC over some of the DFTs for beyond-2-body energy in a much clearer way than the thermal sample of hexamer configurations. The implication of this is that thermal samples of cluster configurations drawn from a realistic model of the liquid do not necessarily suffice for a full assessment of the errors of approximate methods. It is instructive to note that if an isolated hexamer in free space were simulated in thermal equilibrium using one of our DFT approximations, a completely erroneous distribution consisting mainly of ring-like structures would be observed, whereas if the simulation were performed with DMC (assuming this to be feasible), a much more realistic distribution consisting mainly of compact structures would be observed. However, the thermal sample of configurations generated by DMC would not suffice to assess fully the errors of DFT, because these errors only become apparent for thermal samples that include both open and compact structures. Similarly in assessing DFT errors using thermal samples relevant to the liquid, it seems desirable to use a wider range of configurations than those that occur commonly in the real liquid. This is an important matter for future study.
The present comparative study on water clusters, taken together with the recently demonstrated high accuracy of DMC for the energetics of several ice crystal structures [23] , indicates that DMC has the accuracy needed to serve as a benchmarking tool for water systems across a wide range of conditions. Its advantages over correlated quantum chemistry techniques are that its scaling with system size is much more favourable, convergence to the basis-set limit is easily achieved, it is straightforward to apply to periodic systems, and its parallel scaling on large supercomputers is essentially perfect. In the immediate future, we plan to use DMC to obtain benchmark energies for thermal samples of much larger water clusters than those studied here. These benchmarks will then be used to test DFT approximations. We expect to find ways of separating both the benchmark and the DFT total energies into their 1-, 2-and beyond-2-body contributions, as we have done here, so that we can analyse the origin of DFT errors. It should also be possible to do the same for bulk water itself.
As we noted in the Introduction, DMC calculations on thermal samples of periodic liquid water configurations were already demonstrated some years ago [80] , so that the technical feasibility of what we suggest is not in doubt. The possibility of tuning DFT approximations to reproduce DMC and quantum chemistry benchmarks for a range of water systems is also an interesting possibility for the future. It is worth adding that tests of DMC against CCSD(T) for larger clusters should be possible in the future, because the availability of quantum chemistry codes that can be run on very large parallel computers is already making it possible to perform coupled-cluster calculations on much larger molecular systems than before [38] .
In conclusion, we have shown that the accuracy of DMC for thermal and other configuration samples of Table 5 : Total energies of selected isomers of the water hexamer relative to that of the prism, calculated by different methods. In all cases, the geometry of the isomer is the relaxed geometry given by MP2 calculations with the AVTZ basis, as given in the Supplementary Information of Ref. [61] . All energies were calculated in the present work, except for the MP2 and CCSD(T) energies marked with † from Ref. [37] and the DMC energies from
Ref. [61] . Entries DFT-n with n = 2 and 3 are DFT energies corrected for 1-and 2-body errors, and corrected for 1-, 2-and 3-body errors respectively. Values in parentheses represent errors compared with the CCSD(T) energies from Ref. [37] . Energy units: mE h . 
